Limits of graph neural networks on large random

graphs
GSP workshop 2023

Matthieu Cordonnier?
Nicolas Keriven?, Nicolas Tremblay!, Samuel Vaiter3

LGIPSA-lab, Grenoble
2|RISA, Rennes
3Labiratoire J-A Dieudonné, Nice

uen i

am gipsa-lab

Université
Grenoble Alpes

§(psa-lal

UGA



Limits of graph neural networks on large random graphs

GNN for large graphs
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GNN for large graphs

Theoretical properties of GNNs remain largely misunderstood.
Expressivity : what class of functions can GNNs approximate. Azizian et al.

Most studies have a combinatorial approach and focus on
graph-level prediction.
Graph isomorphism problem and comparison to WL test. Xu et al.
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This is irrelevant on large graphs as they may have similar
structure but are never isomorphic. Moreover, we rather focus on
node-level prediction.

Different number of nodes, edges, etc..
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Some classical problem related to GNN on large graphs

Stability to deformation, transferability.
Ruiz et al. 2020, Levie et al. 2021, Keriven et al. 2020
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Some classical problem related to GNN on large graphs

Stability to deformation, transferability.
Ruiz et al. 2020, Levie et al. 2021, Keriven et al. 2020

Expressive power : What class of function can GNNs approximate
Keriven et al. 2021, 2023

Generalisation : How well GNNs perform on unknown data
Maskey et al. 2022
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Latent space random graph models

Let X C RY, P a probability measure on X and W : X2 — [0,1] a
connectivity kernel. A random graph drawn from the model
(W, P) has nodes :

X1,.... X, 4 p.
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Latent space random graph models

Let X C RY, P a probability measure on X and W : X2 — [0,1] a
connectivity kernel. A random graph drawn from the model
(W, P) has nodes :

X1,.... X, 4 p.

1. Weighted sampled graph: fully connected and e;; is given a
weight w; = W(X;, X;).
Lovasz 2010.

2. Graphon model: e; ~ B(W(X;, X;))
Lovasz 2010.

3. Latent position model: e ~ B(a, W(Xj, X)) where a, is a
sparsity factor.
Lei et al. 2015.
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Main idea of GNN on large random graphs

A GNN on a random graph drawn from (W, P) has a “continuous”
counterpart c-GNN on the random graph model (W, P).

GNN c-GNN
Propagates a graph signal on a Propagates a function on the
sampling of X latent space X
X,-|—>f(X,-),i:1...,n Xi—>f(X),X€X,
w.r.t the adjacency w.r.t the connectivity kernel
W(X;, Xj), i,j=1...,n. W(x,y), x,y € X.
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Message Passing GNN (MPGNN)

Gather, Transform, Aggregate.
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Topic of this work : Convergence

|
Our Problem
Given a GNN structure and a random graph model (W, P), does
the GNN on random graphs converge to its c-GNN counterpart as
n tends to infinity 7 If yes, at which rate ?
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Topic of this work : Convergence

|
Our Problem
Given a GNN structure and a random graph model (W, P), does
the GNN on random graphs converge to its c-GNN counterpart as
n tends to infinity 7 If yes, at which rate ?

Some existing related results

Keriven et. al 2021 Maskey et al. 2022
For Latent position model (model 3). For weighted sampled graph model
(model 1).

For Spectral GNN
For Message Passing GNN with

degree normalized mean aggregation.
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Our results
Message passing with generic aggregation function.

Weighted sampled graph model (model 1.)

Under some regularity conditions on the aggregation: convergence
: 1/2
with rate at least O (('”—") / )

n

Particular case of max aggregation: convergence with rate

0] (('”—”)Ud) (recall X C RY).

n
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Formulation of message passing GNN

O¢ : R"™ % — R™ js a L layers MPGNN.
Z(©) ¢ R"*% s the input graph signal.

Definition

ZW . z(0) are recursively computed by :
(H1) _ £(+1) < M g0 . > diia
Z; = [F z:’, z: Wi e R+, 1
i i {(J J) }}\/je./\f(v;) ( )

The output is :
0s(20) = z(1,

The FU) are called the aggregations.
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Major property : permutation equivariance

|
Equivariance to graph isomorphism

Let 0 € S,. If 0- G and o - Z are the isomorphic graph and
graph signal where nodes have been relabeled w.r.t o. Then

O,.c(0-2) =0 -0¢(2)

To that extent, the aggregation ignores ordering of the
neighborhood.
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EIES

Convolutional Bronstein et al. 2021
i+ _ 1 o) (L0
F W, 2 e E)
vieN (v;)
GAT Velickovic et al. 2018
(141)

(1) _ Cij 1+1) (1)
Z,- = Z (I+1)¢( )(ZJ )
JeEN(vi) ZkE/\/(v,-) Cik
Where c( 1) _ = c(H)(z (),ZJ-(I)a wij).
H Max Convolutlonal Hamilton et al. 2018

(+1) _ (+1) (N
2= gy e (E),

If ¢ = wy, we obtain the Degree Normalized MPGNN , Maskey et al. 2022
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On random graphs

We recall the random graph model 1:

X C R is compact.
P is a Borel probability measure on X.
W : X2 — [0,1] is a measurable symmetrical kernel.

Definition (Random Graph Model)

(W, P) is a Random Graph Model on X. G ~ G,(W, P) if :

* V(G) = {Xi,..., Xy}, where X; ¢ P.
* G is complete.
o owij=wii = W(X, Xj).
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GNN on large random graph : intuition

Let f: X = R%, Z = (f(X),...,f(Xn)) be a input signal.

Convolutional
WO X (FO0) ~ [ Wen)ilr)dPO)
i yeX

GAT

ST (00 = [ o e () P

Max Convolutional

max W (X;, X;)y(f (X)) ~ eSySg}p W(x,y)(f(y))-
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Formulation of c-GNN

Propagates a signal over a graph ~~ Propagates a function over a
latent space.

(W, P) is a random graph model.
f=f0:x 5 R% is an input signal.
Owp: (X = R®) — (X — R%) is a L-layers c-GNN.

Definition

FA . f() are recursively computed by :

f(l+1)(x) _ ]_—I(Dl—l-l) (f(/)(x), (f(/), W (x, ))) c R+

Final output : O p(f) = ) : X — R
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Required property : “continuous permutation” equivariance

|
Equivariance to random graph model isomorphism

¢ : X — X is a bimeasurable bijection.

¢ (W,P)=(W(¢1(-),¢p71(")), p»P) is an isomorphic random
graph model.
¢-f =fo¢!isthe isomorphic signal on ¢ - (W, P).
Then,
Op.(w,p)(¢- ) =& Ow p(f)

¢4 P is the pushforward measure of P through ¢ : ¢4 P(A) = P(¢~*(A)) for
any measurable set A.
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countinuous counterparts of examples

Convolutional

FUHD (x) = / W(x,y)p(+D (f(l)(y)) aPly)
yeX

GAT

(1)
(I+1) oy c"x,y) (+1) ( £(1)
f (x) = /yGX fteX C(H—I)(X,}/)dP(t)w + <f (Y)> dP(y).

Where c(#1)(x, y) = c*D(FD(x), (D (y), W(x.y)).
Max Convolutional

FID(x) = esssup W (x, y)o*D) (70(y))
yeX, P
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Convergence

We want to characterize convergence of a GNN on large random
graphs. For G, ~ G,(W,P) do ©g, — Oy p ? At which speed 7
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Convergence

We want to characterize convergence of a GNN on large random
graphs. For G, ~ G,(W,P) do ©g, — Oy p ? At which speed 7

Define Sy the sampling operator at (Xi, ..., Xp,).

O¢

i » Z(D) ¢ Rnx L

L
Error: maxi<i<p HZ,-( ) FOX) oo
Main tool: Concentration inequalities
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Convergence for "smooth aggregation”

Main tool : McDiarmid concentration inequaltiy.

Definition (Bounded differences)

Let f: " - RY. Cy,...,C, are the bounded differences of f if :
[F(X1 - Xiy ey Xn) — Fx1, -y X xn)| < G

VX1, ..., X, X € E.

Theorem

If f has finite bounded differences, then for any independent
random variables Xi,..., X, , f(X1,...,X,) has a sub-Gaussian
concentration around its expected value.
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Suppose F() is Lipschitz continuous for a well chosen metric.
Then it has finite bounded differences and they can be chosen all
equal by symmety: D,(,I) = Cl(l) == C,(,I). Then

Theorem (informal)

Let p > 0, with probability at least 1 — p:

L
max Hzl.(L) — FOX) oo < LDpy/nln <”2 d’”) +Lr,  (2)
1<i<n 1%

D, = max; D,(,I) , dm = maxd,, r, is a remainder that is specific to
the network.

Corollary (sufficient condition of convergence)

If D, =0 (1/\/n|n n) then (2) tends to 0.
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Example D, n D,=o0 (1/\/nln n)
Conv O(1/n) 0 v

GAT ! O(1/n) | O(1/+/n) v
Max. Conv Q(1) - X

Max does not have sharp bounded differences = we need other
concentration inequality.

!Under some Lipschitz regularity condition on the attention coefficients c",
20/24
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Convergence for Max Conv GNN

Upon some regularity condition on (X, P), let p > 0, then with
probability at least 1 — p:

L 1/d
max ||z{5 — FO(X)]l0 S L <,11 In (Q”dmax)) . (3)
P

1<i<n
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Remark

For max aggregation, convergence speed depends on input
dimension.

error

—e— d=2 (real)
ffffff d=2 (theory)
—4— d=3 (real)
ffffff d=3 (theory)
—¥— d=5 (real)
------ d=5 (theory)

10! 102 10°
number of nodes
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Conclusion

We have proven convergence of GNNs to their countinuous
counterparts when the aggregation has a “Lipschitz-type”
smoothness.

We have proven it too for max aggregation and observed a
different behaviour.

McDiarmid concentration inequality may be suboptimal 7 Can we

find an aggregation with intermediate convergence speed bewteen
(1/n)Y/2 and (1/n)¥/9 ?

Can we extend to more realistic random graph models (model 3.) ?

How to use c-GNNs to understand GNNs.
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Thank you for your attention.
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