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Introduction
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Hypergraph

Graph VS Hypergraph

Carl  Mike  Bob A hypergraph H = (V(H), E(H))
V(H)={v1,..vN}  nodes e

E(H)={ej,...eg}  hyperedges

Ed Dan  AmY Ame M =m.c.e(H) = max{|e;| : e; € E(H)}
ik maximum cardinality of the hyperedges
Carl Y .
[ ]
nn 0 Amy
(.e (B.b ) .D In the hypergraph example,
Ed Dan |V(H)| - 77 |E(H)| - 4> M=3
([ ] [ J
A graph G = (V(G),E(Q)) is a uniform
Co-authorship hypergraph where all edges have size 2 (M =2).
Network
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Hypergraph Neural Networks (HyperGNNs)

Goal: Learn the representation function ® : (H,X) — R, where
H = (V(H), E(H)) is the hypergraph structure and X is the signal
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Input hypergraph + signal Latent representation space

® Hypergraph signal shifting: Y = ¢4 (X, H)
® hypergraph signal transformation: Z = MLPyy(Y)
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Motivation of This Work

Hypergraph signal shifting is a well-defined operation in HGSP using tensors.

G NN A unified view GS P

This work ,
)
e.g., HGNNEI, HCHAE! e.g., CP-HGSPH, t-HGSPPI
[1] Gama, F., et al. IEEE Signal Processing Magazine (2020) [2] Feng, Y., et al., AAAI (2019)
[3] Song, B., et al., Pattern Recognition (2021) [4] Zhang, S., et al., IEEE Internet of Things Journal (2019)

[5] Pena, K., et al., IEEE Transactions on Signal and Information Processing over Networks (2023)
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Hypergraph Signal Shifting
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Hypergraph Adjacency Tensor

A hypergraph H= (V(H), E(H)) can be represented by an Mth-order N-dimensional Adjacency
tensor A€ RV

el ife={viv v.} € E(H) forms a hyperedge
Uy ng,..mpr = 4 ’ { b C} ( ) P g
0 otherwise,

where « is the total number of permutations for length-A/ edge ™.

Example: A € R3*3%3
€1 yp1 = @y1p = Gy = Q11 = @12 = @21 = 2/6 =1/3
%)
Ny T €30 Q33 = Q33 = A3 = 31 = g1z = A3y = 3/6=1/2
O [
N3
Np

Zhang, S., et al. “Introducing hypergraph signal processing." IEEE Internet of Things Journal (2019).
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Hypergraph Signal Shifting
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Notation

Third-order tensor Tubal Scalars Frontal Slices
AERNNaXN g A ) € RIXIXN N A = A1, k) € RN
b b 2 ]

. Lateral Slices
Ay = A(j,:) € RV XX

Ny

N3

Ny
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Hypergraph Signal Shifting
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Hypergraph Signals Modeling Interaction

® A hypergraph signal is an N-length )

vector of tubal scalars X € RV>*1xN °
X2

5
® Each tubal scalar x; 1 in X is obtained ° ( ) .D 06
from a one dimensional signal in the L1 T4 Zg 0w N
7

hypergraph x € RV as PY

TiT1 0
LiT2

1
Ty TN p X2,1

X;1 = fold

X3,1 N

XN, /
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® D-dimensional hypergraph signal:
X = stack([A,..., Xp,],dim = 2)
X e RNXDXN

Zhang, S., et al. “Introducing hypergraph signal processing." IEEE Internet of Things Journal (2019).
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Hypergraph Signal Shifting
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Hypergraph Signal Shifting

AGRNXNXN
XGRNXDXN

Y € ]RNXD
A X
(2)"' Time complexity: O(NM)
v Au‘)‘m X3 Space complexity: O(NM)
unfold(A) unfold(X)

Y := A X =unfold(A)-unfold(X)

x (1)
x(2) N
:[A(l) AP . AN-D A(N)} : :ZA(k)X<k)
X(z\}q) k=1
X (M)

To do: Scale up the hypergraph signal shifting operation.
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Hypergraph Signal Shifting
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Geometric Meaning of the Hypergraph Signal Shifting

Hypergraph perspective: Node perspective:
N _ N N
Y =A-X=Y_, AF) X (F) [Y]iqa= Zj:l D k=1 @ik Ty
Example: A € R¥PS
o . )
[ | A ol €1 Qi1 = Gyyp = Ayzz = dz1g = A1z =y = 2/6=1/3
G\ N\ e ]
A\ | \ . - . o o o . 4y
N \3/ f—:,),,-" N TN, ! G1p3 = Q35 = pg3 = dp31 = Qgqp = G321 = 3/6=1/2
o N,

N N
A X Y zj_l zk—1 AjjXj Xy
- 1 = =

Ai21X2%7 F Ai12X1Xy + QXX + Aqp3XX3 + A32X3X;

A21%2X1 + Q212%1 X5 + A211X1 %1 + Q213%X1 X3 + Ar31X3%

3 1 G312X1 X7 + A331X3%

Takeaway: Focusing on the connectivity of each node.
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Hypergraph Signal Shifting
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T-Message Passing HyperGNNs

|dea: Neighboring nodes pass “message" to the central node

(Y], = AGGREGATE({x,,Vu € N'(v)}),

Shared Parameters
A

vy

vz
Vi v v
7 vg v V7 7 vy vy ve V7 1
Computational Computational
tree for node tree for node v,
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® T-Message Passing
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T-Message Passing
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T-Message Passing HyperGNNs

Compressed Adjacency Tensor: Adjacency value table + Neighborhood table

Define the M-order incidence edge set and
M-order neighborhood of v as

€1l Gyp1 = Qi1p = Gigp = 11 = Gp1p = Apg1 = 2/6=1/3§

WAL ) EM(v) = {e|e > v},

\ ) ] ez @33 = Q33 = Qz13 = 37 = G312 = Q321 = 3/6 /2] M M M M
e M) = (M () ve € BM (v},
' (a) A hypergraph (b) Nonzero adjacency tensor entries /

M .
Compress where e (—v) re]\f;rs to deleting exact one
v element from e, and 7 (-) represents
. M) | permutation of a sequence. E.g., For node
! le] ae : : s v,
vy {{m vy, v1), T (v, v2) 1 { T(v2,v3)}} !
2 |13 {{n( ( h{m( B | M
V. m(v,,v,), (v, v} TV, vy | _
3 12 ’ T - BT=
V3 {m(vy, v2)} {[(v1,v2,v1), (v1,v2,v2)], 1,
I‘\.‘_(c] The adjacency value table (d) The neighborhood table e 15
NM(v1) = {r(va,v1),7(v2,02), }

Space complexity: Reduced from O(NM) to O(N)
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T-Message Passing
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T-Message Passing HyperGNNs

Aggregate with Compressed Adjacency Tensor:

Example: el ae v N3 ()
m——__ = v {m(vy,v)), (W, v)} { m(vy, v3)
1 N 2 173 Ly ‘ - 2
'e-lu\ 2 \ @3 3 | 12 vy | {{n(vy,va),w(wy, v} {m(vy, va)}}
\Ubg v (n(vy v}

The adjacency value table The neighborhood table

A X Y
2 1
2 —
gxlxz +§Xz + x3%5 [Y]v = Z (ae Z H Xu)
=| - 1 Mg pM NENM (v) uen(-
3 3 3%%2 +§xf + 2% € (v)  7() f) ()
3 3 1 X1, different edges interaction in an e

E.g. [Y]y, =ac, (120 + 222 +23)+ = %;1:1 T+ %:175 +

Time complexity: Reduced from O(NM) to O(Ndmaz), where dmaz is the maximum degree of nodes.

University of Delaware, USA

Fuli Wang, Karelia Pena-Pena, Wei Qian, Gonzalo R.Arce
15 / 26

T-HyperGNNs: Hypergraph Neural Networks Via Tensor Representations



T-Message Passing
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T-HyperGNNs

From hypergraph signal shifting
® Performing signal transformation with learnable weights.

® Cascading multiple layers to form T-HyperGNNs.

XD — (4. xOWO) x¥ + o(MLPY (COMBINE(x~ 1 [Y]1Y)
W _ -1
x0 =Hes(X V) [Y],” = AGGREGATE (a. > I )

7(YENM (v) uen(-)

Y=A-X [Y], = Z (ac Z H Xu)

eMeEM (v) w(-)ENM (v) uem(-)
T-spatial Scale up T-message
Convolution Make it inductive passing
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Experiment: Semi-supervised Node Classification

P a I Bag of word
H H aper beddi
e Co-citation hypergraphsm: .l embedding
1 Paper 1
Cora, Citeseer, Pubmed @ Ciass of paper

e.g., Neural Networks,

e Co-authorship hypergraphs!!): raper2 @ Paper 6 theory, probabilistic model
Cora, DBI—P J Co-authored or
Paper 5 co-cited by

[1] Yadati, N., et al. "Hypergen: A new method for training graph convolutional networks on hypergraphs." (2019)
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Experiment: Semi-supervised Node Classification

Method Time Cocitation Coauthorship
Complexity* Cora Citeseer Pubmed Cora DBLP
MLP O(ND?) 48.23+7.35 65.56+1.48 73.89+5.60 46.11+8.35 76.154+7.26
HGNN! O(ND?+ N?D) 70594122  73.894+8.98 82.22+1.33 66.94+6.51 93.0846.39
HyperGCNP! | O(ND?+N2D+E6,) | 35294124 61114153 7611140 2579+6.43 25.38+1.29
HNHNE O(ND>*+NED+ED? | 69.41+9.04 74.44+9.69 77.22+4.08 71.39+5.56 93.85+5.76
T-spatial ONMDH NM-DD2Y) | 69174758 76.11+7.05 84224326 70.00£6.01  94.62+2.93
T-MPHN O(ND?+ Né,) 70.83+5.59 77.22+6.44 93.33+4.48 72.78+4.44 95.38+2.10
[1] Feng, Y., et all. AAAL. (2019) [2] Yadati, N., et all. NIPS. (2019) [3] Dong, Y., et all. arXiv. (2020)

* Time complexity for one layer of HyperGNNs. §,, is the maximum node degree, d. is the maximum edge degree. N is the number of nodes, E is
the number of edges, and D is the hidden dimension.
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Experiment: Inductive 3D-object Detection

3D Objects Pictures From CNNs Extract Features KNN Constructs Hypergraph G, K = 5
 NxD - -
360 Degrees XeR Statistic ModelNet40 NTU
2 — e
ANadred e %@ e V]| 12311 2012
RhAdRRLS Concatenate ‘ = - | o €] 24622 4024
¥ $ N MVENN v ‘\um ® & Feature Dimension D 6144 6144
T Features — Number of Classes 40 67
Method Time ModelNet40"! NTUM
Complexityx Seen Unseen Reduced (%) Seen Unseen Reduced (%)
MLP O(NDQ) 96.13+£2.17 88.42+1.41 8.72 94.51+£4.70 77.68+4.46 17.81
HyperSAGE!) | O(ND?+ E5,) | 97.55+£2.35  88.37+£2.66 10.39 97.33+3.58  75.34+1.04 92.59
UniSAGE? | O(ND?+ N4,) | 100.00£0.00 92.6242.19 7.38 96.60+£1.43  81.0540.82 16.10
T-MPHN O(NDQJrN(;v) ‘ 100.00+0.00 96.69+3.22 3.31 100.00+0.00 86.34+2.17 13.66

[1] Arya, D., et al. arXiv (2020) [2] Huang, J., et al. ijcai. (2021).  [3] Wu, Z., et al. CVPR (2015) [4] Chen, D., et al. Wiley (2003).
* Time complexity for one layer of HyperGNNs. §,, is the maximum node degree, d. is the maximum edge degree. N is the number of nodes, E is
the number of edges, and D is the hidden dimension.
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Variation of T-MPHN
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Variation on Aggregation: Variation on Combining:
® COMBINE = Concatenation

® Change the order of hypergraph M at
xit) o (MLPO (1x {1 (Y1)

different layers

Hden et e St ® COMBINE with skip-connection
1 . ey xI = o(MLPO (x5 x5 ).
e - Relu Skip Pred y
v e e connections I
DN : - .
o ! HGNN Layer 2
p; Uiy 1
v oy, 1 I
[
Vs !
< ! i HGNN Layer 1
. |
® Change the aggregate function, e.g, I

. . Hypergraph
Mean, attention weighted sum, etc yPergrap
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Thank you!
Any Questions?
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Extra Slides - Why Not Matrix?

A hypergraph can be represented by the incidence matrix B € R

V(E)|x|EH)]

For the example hypergraph Hj,

el ez e3 Anne Carl Ed Bob Mike Amy Dan

Anne 0 0 1 0 Anne 1 0 0 1 0 1 0

Carl 1 0 0 0 Carl 0 1 1 0 0 0 1

Ed 1 0 0 Ed 0 1 2 0 0 0 2

B= Bob 0 0 1 0 |, A= Bob 1 0 0 1 0 1 0
Mike | 0 1 0 0 Mike 0 0 0 0 1 1 1

Amy | O 1 1 0 Amy 1 0 0 1 1 2 1

Dan 1 1 0 Dan 0 1 2 0 1 1 3

Projecting out the hyperedge dimension: Adjacency matrix A = BBT

Mike Mike
[ ]

— Clique expansion c al ° c ] Cal Mike  Bob
not a one-to-one mapplng @[ B‘h ) "“D @[ (Bu.h )DA“‘D
Dan Ed an
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Extra Slides - Transductive VS Inductive

Transductive

Inductive

Training
Testing

(H7X) — Ztrain
(H7X) — Ztest

(Htrain; Xtmm) — Ztraz’n
(Htestaxtest) — Ztest
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Extra Slides: Ablation Study for T-MPHN

[ Full -MPHN

. No Adj Values

Exam the effectiveness of [ No interactions

® \/alues of adjacency tensors

accuracy

® Node interaction modeled by

cross product @

Citeseer PubMed Cora-CA DBLP-CA
dataset
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